Abstract. We study some algebraic properties of Toeplitz operators on the Dirichlet spaces of planar domains. On domains with real analytic boundary, we show that Toeplitz operators with symbol vanishing near the boundary have rank at most 1. Moreover, we construct explicit examples of Toeplitz operators having exactly rank 1. This is a sharp contrast to a known result on the unit disk. Also, on simply connected domains we characterize compact Toeplitz operators in terms of the boundary vanishing property of the Berezin transform of the symbol.
Introduction
Let Ω be a bounded domain in the complex plane C having the cone property. Recall that a domain Ω has the cone property if every point in Ω is the vertex of a cone congruent to a fixed cone in C. In particular, every bounded domain with 
where L ∞ (Ω) is the space of all essentially bounded measurable functions on Ω and the derivatives are taken in the distribution sense. Also, we let M 0 (Ω) be the set of all functions ϕ ∈ M (Ω) for which esssup dist(z,∂Ω)< |ϕ(z)| → 0 as → 0,
where and in what follows ∂F is the topological boundary of a set F and dist(z, E) is the Euclidean distance between a point z and a set E. Given ϕ ∈ M (Ω), the Toeplitz operator T u with symbol u is the linear operator on D(Ω) defined by
The aim of this paper is to investigate some algebraic properties of Toeplitz operators. In the case of the unit disk D, G. Cao [2] proved that for a symbol ϕ ∈ C 1 (D), the following three conditions are all equivalent:
. Later, this result was proved in [7] for symbols which are finite sums of finite products of harmonic functions on the unit disk. Very recently, the above characterization has been extended in [4] to more general symbols with a certain absolutely continuity condition on the unit disk.
In this paper, we consider the same characterization problem on general bounded domains. In contrast to the known result above on the unit disk, our result shows that the implication (a) ⇒ (b) above is no longer true on certain bounded domains. For example, on a certain domain Ω with real analytic boundary, we will show that Toeplitz operators with symbol in M 0 (Ω) must have rank 0 or 1; see Theorem 6. Moreover, we construct an explicit example showing that this bound can actually be attained on a family of simply connected domains with real analytic boundary; see Corollary 7. In Theorem 10, which is the main theorem of this paper, we characterize compact Toeplitz operators on simply connected domains in terms of the boundary vanishing property of the Berezin transform of the symbol. Specifically, if the domain has a Jordan curve boundary, we show the implication (c) ⇒ (a) above still holds; see Corollary 11. Also, on the setting of the unit disk we show that our results recover the known result mentioned above.
Preliminaries
In this section, we collect some basic properties of Dirichlet spaces and Toeplitz operators which might be known somewhere. We first prove the following norm equivalence for functions in W 1,2 (Ω) which will be useful.
Proposition 1.
Let Ω be a bounded domain satisfying the cone property and 0 ∈ Ω.
Then there exist constants C 1 , C 2 > 0, depending only on Ω, for which
Proof. By an application of the Cauchy-Schwarz inequality, we only prove the second inequality. To do this, it suffices to show there exists a constant C, depending only on Ω, such that 
where α = Ω fφ dA. Note that
Since ||f || ≤ 1, it follows from (2) that
On the other hand, by the Cauchy-Schwarz inequality we have
which implies that Ω |f | 2 dA is bounded by a constant independent on f . The proof is complete.
Next we prove the closedness of the Dirichlet space in W 1,2 (Ω) and the boundedness of Toeplitz operators with symbol in M (Ω).
Proposition 2. Let Ω be a bounded domain satisfying the cone property and
By a standard argument (see [3, Chapter 1, p. 8] for example), we see that f k converges locally uniformly to f . Thus f is holomorphic and f (0) = 0. Hence
To prove the boundedness of Toeplitz operators, let ϕ ∈ M (Ω). By Proposition 1, one can check that there exists a constant C, depending only on ϕ and Ω, such that ||ϕf || ≤ C||f || for every f ∈ D(Ω). Now, the result follows from the fact that
The proof is complete.
In our characterization of Toeplitz operators with symbol ϕ ∈ M 0 (Ω), we consider special domains that we call admissible and that contain domains with C 1 boundary. So we introduce the following piece of terminology. (a) Each ∂G j is a piecewise smooth simple closed curve. Proof. Let G be a bounded domain with C 1 boundary. Let ρ be a defining function for G. That is, ρ is smooth on a neighborhood U of G, G = {z ∈ U : ρ(z) < 0} and dρ = 0 on ∂G. Fix a ∈ G. By Sard's theorem, there exists a decreasing sequence { j } of positive numbers j such that
Denote by G j the connected component of {z ∈ G : ρ(z) < − j } that contains a. Then by (iii), ∂G j is a smooth simple closed curve. Also, since { j } is decreasing, clearly G j G j+1 for every j ≥ 1. Next, we claim G = In this section, we show that on certain admissible domain Ω, Toeplitz operators with symbol in M 0 (Ω) must have rank 0 or 1. Moreover, we give examples of concrete domains and symbols for which the ranks of the corresponding Toeplitz operators are exactly one.
Fix a nonnegative function φ ∈ C ∞ (C) with compact support in the unit disk D such that C φ dA = 1. Such a function φ is called a mollifier. Given a locally integrable function f on C which vanishes identically outside a domain Ω and ρ > 0, we define a mollification M ρ [f ] of f with respect to the mollifier φ by
Then, it turns out that each
Here and in what follows, 
Thus, to prove the result, it suffices to show that
Since Ω is admissible, we can choose a sequence {G j } j≥1 of connected open subsets G j of Ω satisfying three conditions in Definition 3. Note that
. By an application of the dominated convergence theorem, we have
Fix j ≥ 1. For each ρ > 0, consider the mollification M ρ [ϕf ] of ϕf with respect to a fixed mollifier φ. Note that
Furthermore, since
It follows from Stoke's theorem that
Therefore, by (5) we obtain
Since ϕ ∈ M 0 (Ω) by the assumption and sup j≥1 length(∂G j ) < ∞, we have
Now, combining the above with (4), we have (3), as desired. The proof is complete.
Now we are ready to prove the main result in this section asserting that Toeplitz operators with symbol in M 0 (Ω) must have rank at most 1 on certain admissible domains.
Theorem 6.
Let Ω be an admissible domain satisfying the cone property and 0 ∈ Ω. Assume there exists a dense sequence {g k } in D(Ω) for which g k , g k are bounded for every k ≥ 1. Then, for a symbol ϕ ∈ M 0 (Ω), the rank of T ϕ is at most 1.
Moreover, the rank of T ϕ is equal to 1 if and only if
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Proof. There are two cases: Either (6) does not hold or it does hold. First suppose (6) does not hold for all g, h ∈ D(Ω). Then, in particular,
for all j, k. Since ϕ ∈ M 0 (Ω), we have by Lemma 5 that
which implies T ϕ = 0 because {g k } is dense. Hence the rank of T ϕ is 0. Now, suppose (6) holds for some g, h ∈ D(Ω). Then, using the density of {g k }, one can choose j 0 , k 0 such that
By Lemma 5, we have T ϕ g j 0 , g k 0 = 0, and hence in particular T ϕ g j 0 = 0. For each j = 1, 2, · · · , put
Note that τ j , τ j are bounded. Since ϕ ∈ M 0 (Ω), we have by Lemma 5 and a choice of α j that
for each k, j, and hence
for each j. Thus T ϕ g j = α j T ϕ g j 0 for each j. Since {g j } is dense and T ϕ g j 0 = 0, we see that the rank of T ϕ must be 1. The proof is complete.
Remark. Let Ω be a bounded simply connected domain containing 0 with real analytic boundary. Then, we can choose a conformal map h from Ω onto the unit disk D such that h(0) = 0, and h extends to a biholomorphic map from a neighborhood of Ω onto a neighborhood ofD. Using the fact that the set {z n : n = 1, 2, · · · } spans a dense subset of D(D), we can easily see that the set {h n : n = 1, 2, · · · } spans a dense subset of D(Ω). Moreover, h n and (h n ) are all bounded for each n. Recall that a bounded domain with C 1 boundary has the cone property; see Chapter 1 of [8] for details. So, every bounded simply connected domain containing 0 with real analytic boundary satisfies assumptions of Theorem 6.
Next, we construct examples of simply connected domains and symbols for which the ranks of the corresponding Toeplitz operators are exactly one.
Corollary 7.
There are Toeplitz operators whose ranks are exactly one.
Proof. For 0 < ε < 1, consider the domain Ω ε given by
Observe that each Ω ε has a real analytic boundary and can be viewed as a small deformation of the unit disk D. By the remark above, Ω ε satisfies assumptions in Theorem 6. Define a function ϕ ε on Ω ε by
In our characterization of the compactness, the following lemma will be useful. The disk version of the following was proved in Lemma 12 of [7] with a different argument. Ig n ||
